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Abstract 

Necessary and sufficient conditions for a dense subspace of a Hilbert space 
to be a linear Hilbertian manifold domain are given. Some relations between 
linear Hilbertian manifold domains and domains of self-adjoint operators are 
found. 
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1 Introduction 



Manifold domains play an important role in geometric formulation of quantum me- 
chanics p3 El and in general infinite dimensional Hamiltonian systems Pj . 

Definition 1.1. A subset D of a Banach manifold M is a manifold domain provided 

1. D is dense in M , 

2. D carries a Banach manifold structure of its own such that the inclusion i : 
D ^ M is smooth, 

3. for each p G D, the linear map Tpi : TpD — > TpM is a dense inclusion. 

Note that D is not a submanifold of M in the sense of S.Lang 0. In this paper we 
consider the case when M is a Hilbert space, L> is a dense linear subspace of M and 
D carries a Hilbert space structure of its own. Then it is obvious that i : D ^ M 
is linear and if i : — > M is continuous then it is also holomorphic if M is complex 
and smooth if M is real. Thus we arrive at the following 

Definition 1.2. A linear subspace D of a Hilbert space H is called a linear Hilbertian 
manifold domain of H if 

1. D is dense in H , 

2. D carries a Hilbert space structure of its own such that the inclusion i : D ^ H 
is continuous. 

(Observe that in the linear case the assumption (3) of Definition II. II is contained in 
(1) and (2)). 

Perhaps, the most transparent example of a linear Hilbertian manifold domain is the 
Sobolev space VF™(r2). Let O be some domain of M" and L^{n) be the Hilbert space 
of all complex functions on Q for which | ■ |^ is integrable on Q. The scalar product 
and the norm in L^(r2) are defined by 



(/>5)l2{Q) := / f{x)g{x)dx (1) 



L^{n)-=^JU,f)L\n), f,g&L'm (2) 

(The overbar stands for the complex conjugation). Sobolev space W^{i^) is defined 
by 

W^{n) := {/ G L^{n) : D^'^'-''"^ f E L^{n), < n + ... + i„ < m} (3) 
where L)(*i>---'*") f ;= ^ ^ "/ and all derivatives are taken in the sense of the theory 
of distributions. Then one introduces a scalar product (•, ■)w:p{n) 

for u,v G W2^{Q). It can be shown that VF™(0) endowed with the scalar product 
Q is a separable Hilbert space. It is also obvious that 

lhllL2(f7) < ||'u||vi/2"(n) (5) 



1 



and this leads to the conclusion that the inclusion i : W^{Q) — > of the 

Hilbert space (wY'i^), (•, ■)w:p{n)j into L'^{U) is continuous. Finally, since W|"(0) 

is a dense linear subspace of L'^{Q) one concludes that the Sobolev space W^{^) is a 
linear Hilbertian manifold domain of L'^{Q). To follow further we consider a Hilbert 
space 

H := {(/(°--'°), /(^i'-'*"), /(O.-.-)) : < ii + ... + i„ < m, /(^i--'^") e L\n)} 

(6) 

{F,G)^:= J2 (7) 

0<ii+...+i„<m 

where F = (..., ...)^ G = (...,5r(*i'-'*"), ...) e i7. Then one defines a linear 
operator D^""^ : W^{n) H 

Z)(")n := (z)(°--°)n,...,Z)(^i'-'^")u,...) , < ii + ... + i„ < m, ueW^{Vt). (8) 

It can be shown that the operator is closed. With the use of D^™-) the scalar 

product (HI) in reads 

{u,v)w^^^^) = {D^^\,D^'^^v)^, u,v€W:^m. (9) 

Now the natural question arises if for any linear Hilbertian manifold domain D C H 
there exists a closed linear operator A from D to some Hilbert space H such that 
the Hilbert structure on D is defined analogously to ^ by 

{^P,(|))D = {A^,AcP)J^, ^,4>(^D. (10) 

The answer to this question is the main point of our paper. 



2 Main theorem 

We start with the following 

Lemma 2.1. Let H he a Hilbert space and D C H be a linear dense domain of n 
closed linear operators: Ai : D ^ Hi, ...,An : D Hn where Hi, ...,Hn are Hilbert 
spaces. For 1 < k < n define a scalar product in D by 



■.= {^l;,<^>)H + ^{A^lJ,Ai<f>)H,, i;,(t>eD. (11) 



— VV^) 'TJH -r 

i=l 

Then (^D , {■ , ■)^^^^ is a Hilbert space and the inclusion i : D ^ H of ^L',(-,-)^^ 
into {H,{-,-)h) is continuous, what implies that D is a linear Hilbertian manifold 

domain of H . Moreover, the norms \\ ■ ||^^^ = \J (•, Od^^ ^'^^ II " IId^^ = \/ (') Od^^ 
are equivalent for any 1 < ki,k2 < n. 
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Proof. Let 'Pj G -D, be a Cauchy series with respect to the norm || • ||^^ 

{1 < k < n), i.e., 

hm \\cPj - cPiW^^^ = 0. (12) 

Prom lfTT|l and the definition of || • ||^'* it follows that (|T2|l yields 

lim \\(t>j-cf>i\\H = (13) 

lim \\Ai(l)j - Ai(l)i\\H, =0, i = l,...,k (14) 

j,l->oo 

what means that {(pj}^ , {Ai(pj}f' , {Ak(pj}f^ are Cauchy series in H, Hi, Hk 
respectively. Hence, there exist € € Hi, ...,tpk S Hk such that 

lim \\<Pj - = (15) 

lim \\Ai(j)j - ipi\\Hi = 0, i = l,...,k. (16) 
Since Ai, ...,Af: are closed 

(17) 

and 

Ai^ = tPi, i = l,...,k. (18) 

Therefore 



and it means that (^D, \\ ■ ||^^^ is complete for each 1 < k < n. Consequently 
^D, (•, O^^) is a Hilbert space for any 1 < k < n. Obviously 

llV'k < i^&D, k = l,...,n. (20) 

Prom (jSOJ one gets that the inclusion i : D ^ H is a continuous mapping from 
(^D, (•, Od^) ™to (i/, (•, •)h)- Thus L> is a linear Hilbertian manifold domain of H. 
Moreover 

II ■ IId ^ < II • llS'^ (21) 
for any ki < k2- Therefore, employing the open mapping theorem [H] one concludes 
that the norms HV'IId^^ ^^'^ I IV' 11^^^ are equivalent. The proof is complete. □ 

Observe that defining 

= H ®Hi® ...®Hk 



A^^^:D^H^^\ A('')(V') := V©^iV'®-©^fcV', ^D, l<k<n. (22) 
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we can rewrite in the following compact form 

(V^,0)g) = (lWV,I('=V)~(,,. (23) 

Of course is a closed linear operator. Prom Lemma ITT] one easily 

obtains 

Corollary 2.1. |1J // Da C H is a dense domain of a self-adjoint operator A : 
Da^ H, A = A*, then (Da, (•, ■)da) with 

((A, %b)DA := (0, i')H + (^0, AiP)h (24) 

is a Hilhert space and the inclusion i : D ^ H is continuous, what implies that Da 
is a linear Hilbertian manifold domain of H. 

Proof. A = A* =^ A is closed. Then from Lemma ITT] we get the thesis. □ 

The fact that any dense domain of a self-adjoint operator is a linear Hilbertian 
manifold domain appears to be fundamental in geometrical formulation of quantum 
mechanics (see pij). Before giving the main theorem we prove a simple lemma 

Lemma 2.2. Let {H, (•, be a Hilhert space and D C H be a dense linear subspace 
of H . If there exists a scalar product (•, ■)d in D such that {D, (•, •)£>) is a separable 
Hilbert space and \\f\\H < ^f & D , a > 0, then 

dim (H, {; ■)h) = dim (D, (•, ■)d) • (25) 

Proof. For dim {D, (•, ■)£))< oo the proof is trivial. Let dim {D, (•, ■)d) = b^o, where 
No is the cardinal number of the set of natural numbers N. From the assumption that 
the norm || • \\d is stronger than || • \\h and D is dense in {H, {•,-)h) it follows that 
every set which is dense in {D, (•, •)£>) is also dense in {H, (•, ■)h)- Since {D, (•, •)£>) 
is separable there exists a countable dense set S in {D, (•, •)d)- Then S is also dense 
in {H, (■, •)h)- Thus {H, (■, ■)h) is separable and holds true. □ 

From Lemma 1221 one gets 

Corollary 2.2. // a linear Hilbertian manifold domain D of H admits a scalar 

product {■,-)d such that (!),(■, •)£!) is a separable Hilbert space and \\f\\H ^ II/I|d 

then the Hilbert space {H, (•, ■)h) is also separable. □ 

Now we are in a good position to prove the main theorem: 

Theorem 2.1. Let {H, (•, ■)h) be a Hilbert space and let D C H be a dense linear 
subspace of H . If there exists a linear operator A : D ^ H satisfying the following 
conditions 

(a) A is one-to-one and A{D) = H , 

(b) The inverse operator A^^ : H —i- D is bounded, 
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then D is a linear Hilbertian manifold domain of H and 

{f,g)D:={Aoif,Aoig)j^, f,geD, (26) 

where i : D ^ H is the inclusion of D into H , defines a scalar product in D such 
that (-D, (•, ■)d) is a Hilbert space and the inclusion i : D ^ H of the Hilbert space 
{D, (•, •)/)) into {H, (•, ■)h) is continuous. 

Conversely, if D C H is a linear Hilbertian manifold domain of H and {■,-)d is 
any scalar product in D such that {D,{-,-)d) is a separable Hilbert space and the 
inclusion i : D ^ H is continuous then there exists a linear operator A : D ^ H 
satisfying (a) and (b) and such that the scalar product {•,-)d is given by J^) . Any 
linear operator satisfying (a) and (b) is closed. 

Proof. Let A : D ^ H he di. linear operator fulfilling (a) and (b). One easily shows 
that the formula (|26|l defines a scalar product (•, ■)d in D. We prove that {D, (•, ■)d) 
is a Hilbert space. Let {/n}i°, fn G -D, be a Cauchy series in (D, (•, ■)£)) i.e., 

lim ||/n-/m||D = 0. (27) 
n,m— >oo 

Denote H 3 hn:= Ao if^. By ^ and ^ 

lim \\hn - hm\\H = 0. 

n,m—>oo 

This means that {/in}i° is a Cauchy series in H and, consequently, there exists h G H 
such that 

lim \\hn — h\\H = 0. 

n,m— >oo 

Define / := i'^ o A'^h € D. Then 

\\fn-f\\D = \\hn-h\\H^O. 

Hence / € D is the limit of the Cauchy series {fn}T- This proves the completeness 
of {D, (■, ■)£)) and one concludes that {D, (•, ■)d) is a Hilbert space. For any vector 
g of this Hilbert space 

II^IId = \\A o ig\\jj. (28) 

By the condition (b) 

\\ig\\H = \\A-^oAoigy < \\A-^\\\\Aoig\\H \\ig\\H < \\A'^\\\\g\\D. (29) 

Therefore, the norm || • \\d is stronger than || • \\h and the inclusion i : D ^ H is 
continuous. This ends the proof of the first part of our theorem. 
To prove the second part, first note that under the assumption that the Hilbert space 
{D, (•, ■)£)) is separable Lemma IT^ gives 

dim {D, (•, •)!)) = dim {H, (•, ■)h) = No- 

Hence there exists an isometry U : H ^ D oi {H, (•, ■)h) onto {D, (•, ■)d) 

{Uhi,Uh2)iy = {hi,h2)H, hi,h2eH. (30) 
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Then the linear operator i oU : H —i- D C H is a one-to-one bounded (with respect 
to II • \\h) hnear operator from H onto D. Consequently, the inverse operator 

{ioUy^ =: A: D-^ H 

is a one-to-one linear operator from D onto H and obviously it satisfies the conditions 
(a) and (b). Then it is easy to see that leads to This proves the second 

part of the theorem. 

Finally, since : H —>■ D is hy (h) a bounded linear operator, it is also closed. 
Hence, A : D ^ H being an inverse operator to the closed linear operator A^^ is 
also closed The proof is complete. □ 

The formula l(26|) corresponds to the formulas lfT?Hl or l(23)l but now the Hilbert 
spaces H or H^''^ are exactly the original Hilbert space H to which the linear Hilber- 
tian manifold domain D belongs. From Theorem 12.11 one concludes that: 

Every linear Hilbertian manifold domain D of H, admitting a scalar product (•, •)d '■ 
D X D —> C such that {D, {■,■)£)) is a separable Hilbert space and the inclusion 
i : D ^ H is continuous, is the domain of some linear operator A : D ^ H satisfy- 
ing the conditions (a) and (b). These conditions imply that A is closed. 

Corollary 12.11 tells us that any dense domain of a self-adjoint operator is a linear 
Hilbertian manifold domain. We are not able to prove if the inverse statement is 
also true. Nevertheless, in the next section we prove some weakenned form of this 
statement. 



3 Self-adjoint operators and linear Hilbertian manifold 
domains 

Let H he a separable Hilbert space and D d H he a linear Hilbertian manifold 
domain of H . Employing Theorem 12. II one can easily show that there exists a linear 
Hilbertian manifold domain Da of H , Da C D C H, and an operator A : Da H 
satisfying (a) and (6). Since A is a closed linear operator and Da is dense in H the 
operator B := A* A is self-adjoint and positive, and the domain of B, Db C Da C 
D C H is dense in H (see (HI). A^^ : H Da is a one-to-one and bounded linear 
operator from H onto Da which implies that {A~^)* : H — > is also a one-to-one, 
bounded linear operator from H onto D\. It can be proved that {A'^)* = (A*)'^. 
Consequently, the linear operator B = A* A : Db H is a one-to-one, self adjoint 
and positive operator from Db onto B{Db)- We define scalar product (•, ■)b in Db 

by 

{f,g)Ds:={Bf,Bg)H, f,g e Db (31) 

One can show that 

II/IId, >p^||/||h, feDB (32) 

where as usually \\f\\Dg = y/{fJ)D^. 

Let {/njf: /" ^ Db, be a Cauchy series in {Db, (•, ■)db) i-^-, 

lim ||/„ - frnWoB = (33) 
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By 1321) and ^ we get 

lim \\fn-fm\\H = (34) 



n,m— >oo 



Hence, there exists f ^ H such that 

hm ||/„-/||h = (35) 

n— >oo 

But from IpTTjl and it follows that there exists g G H such that 

lim \\Bfn-g\\H = (36) 

n^oo 

Since S : H is self-adjoint it is also closed and, consequently, / G Db and 

g = Bf. Finally, one concludes that 

lim - g\\D^ = lim -Bf\\H = (37) 

n^oo n— ►oo 

and it means that {Db, (•, ■)db) is a Hilbert space. Moreover, by the inclusion 
i : Db ^ H is continuous. Thus we arrive at the following 

Theorem 3.1. Let D be a linear Hilbertian manifold domain of a separable Hilbert 
space {H, (•, ■)h)- Then there exists a dense linear subspace Db of H, Db C D C H 
and a self-adjoint positive linear operator B : Db H such that {Db, {•, ■)db) ^•^ <^ 
Hilbert space with 

{f,g)DB ■.= {Bf,Bg)H, f,g^DB 

and the inclusion i : Db H is a continuous inclusion of {Db,{-,-)db) ^'^^o 
{H,{;-)h). □ 

Analogously as in Lemma 2.1 one gets that the scalar product < •,• >Db '^^ T>b 
defined by 

< f,g>DB={f,9)H + {Bf,Bg)H, f,g€DB (38) 

leads to the norm in Db equivalent to that given by the scalar product (•, ■)db- 
Concluding one can say that: 

If D is a linear Hilbertian manifold domain of a separable Hilbert space H then there 
exists a linear Hilbertian manifold domain Db C D C H of H which is the domain 
of some self-adjoint positive linear operator B : Db — > H . 
This conclusion is a weakened form of the statement inverse to Corollary 12.11 



4 Manifold domains and observables in geometric quan- 
tum mechanics 

In ordinary quantum mechanics observables are represented by densely defined self- 
adjoint linear operators in a separable Hilbert space H. As is well known if O : 
Dcj ^ H is a self-adjoint linear operator from Dq d H to H then 

/ + 00 
eicp{it\}dEx, tG(-oo,+oo) (39) 
-oo 

(where A € (— oo,-|-oo) is the spectral measure associated with O) defines a 
strongly continuous one-parameter group of unitary operators on H . Conversely, by 
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Stone's theorem, every strongly continuous one-parameter group of unitary operators 
on H is given by (jSHI)- Hence, in quantum mechanics observables be eventually 
indentified with strongly continuous one-parameter groups of unitary operators on 
H. In geometric quantum mechanics El El El ^3 an observable is represented 
by the so called observable function 

HDDo3f^ {0)if) := {Of, f)H G R- (40) 

Prom Corollary 12.11 it follows that Dq is a linear Hilbertian manifold domain of H . 
Then the Hamiltonian vector field X on Dq defined by the observable function 

Xf^uj = d{0){f), feDo (41) 
where u; is the natural symplectic form on H 

u{f,g):=-2Im{f,g), f,g G H (42) 

generates (uniquely) the one-parameter continuous group M.X H 3 {t,g) i — > ft{9) £ 
H of Kahler isomorphisms of H satisfying 

^1.^0 = X„ feDo. (43) 

(Recall that a Kahler isomorphism of H is such an isomorphism which preserves the 
Kahler structure on H) 

Conversely, again by Stone's theorem, every one-parameter continuous group M.xH B 
{t,g) I — > (pt{g) G H of Kahler isomorphisms of H defines (uniquely) an observable 
function (O) determined on some linear Hilbertian manifold domain Da C H ac- 
cording to (201) • The Hamiltonian vector field X on Dq given by (|¥T1l satisfies the 
relation (gSl). 

Remark: All that can be easily carry over to the projective space PH which is the 
true phase space in quantum theory (see 0121 and [ZllHliniE| for details). We don't 
consider this problem as we deal with linear domains of Hilbert space H. 



Prom Theorem IH.ll one can extract an interesting conclusion: 

For any linear Hilbertian manifold domain D of a separable Hilbert space H there 
exists a positive observable function (B) : Db K ({B)(f) > V/ G Db; {B){f) = 
<^=^ f = 0) where Db C D C H is some linear Hilbertian manifold domain. 
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